We study the quasinormal modes of scalar perturbations for a four-dimensional asymptotically Lifshitz black hole in conformal gravity with dynamical exponent z = 0 and spherical topology for the transverse section, and we find analytically the quasinormal modes for scalar fields for some special cases that depend of Q, where Q = r 2 + /r 2 − . One of them are the quasinormal modes for massive scalar fields for the mode with lowest angular momentum (κ = 0), where we show that the Klein-Gordon equation can be written as a Riemann differential equation, and the quasinormal frequencies associated guarantees the stability of these black holes under scalar field perturbations for Q > 1. Other case correspond to Q = ±∞, where the quasinormal frequencies guarantees the unstability of these black holes under scalar field perturbations. Finally, for the extremal case, that is Q = 1, we show the absence of the quasinormal modes.
I. INTRODUCTION
The Lifshitz spacetimes have received considerable attention from the condensed matter point of view, i.e., the searching for gravity duals of Lifshitz fixed points due to the AdS/CFT correspondence for condensed matter physics and quantum chromodynamics [1] . From the quantum field theory point of view, there are many invariant scale theories of interest when studying such critical points. Such theories exhibit the anisotropic scale invariance t → ξ z t, x → ξx, with z = 1, where z is the relative scale dimension of time and space, and they are of particular interest in studies of critical exponent theory and phase transitions. Systems with such a behavior appear, for instance, in the description of strongly correlated electrons. The importance of possessing a tool to study strongly-correlated condensed matter systems is beyond question, and consequently much attention has been focused on this area in recent years. Thermodynamically, it is difficult to compute conserved quantities for Lifshitz black holes; however, progress was made on the computation of mass and related thermodynamic quantities by using the ADT method [2, 3] and the Euclidean action approach [4, 5] . Also, phase transitions between Lifshitz black holes and other configurations with different asymptotes have been studied in [6] . However, due to their different asymptotes these phases transitions do not occur. The Lifshitz spacetimes are described by the metrics
where x represents a D − 2 dimensional spatial vector, D is the spacetime dimension and l denotes the length scale in the geometry. As mentioned, this spacetime is interesting due to it being invariant under anisotropic scale transformation and represents the gravitational dual of strange metals [7] . If z = 1, then the spacetime is the usual anti-de Sitter metric in Poincare coordinates. Furthermore, all scalar curvature invariants are constant and these spacetimes have a null curvature singularity at r → 0 for z = 1, which can be seen by computing the tidal forces between infalling particles. This singularity is reached in finite proper time by infalling observers, so the spacetime is geodesically incomplete [8] . The metrics of the Lifshitz black hole asymptotically have the form (1). However, obtaining analytic solutions does not seem to be a trivial task, and therefore constructing finite temperature gravity duals requires the introduction of strange matter content the theoretical motivation of which is not clear. Another way of finding such a Lifshitz black hole solution is considering carefully-tuned higher-curvature modifications to the Hilbert-Einstein action, as in New Massive Gravity (NMG) in 3-dimensions or R 2 corrections to General Relativity. This has been done, for instance, in [9] [10] [11] [12] . A 4-dimensional topological black hole with z = 2 was found in [13, 14] and a set of analytical Lifshitz black holes in higher dimensions for arbitrary z in [15] . Lifshitz black holes with arbitrary dynamical exponent in Horndeski theory was found in [16] and nonlinearly charged Lifshitz black holes for any exponent z > 1 in [17] .
In this work, we will consider a matter distribution outside the horizon of the Lifshitz black hole in 4-dimensions in Conformal Gravity with a spherical transverse section and dynamical exponent z = 0. The matter is parameterized by a scalar field, which we will perturb by assuming that there is no back reaction on the metric. We obtain analytically the quasinormal frequencies QNFs [18] [19] [20] [21] [22] [23] for scalar fields, and then we study their stability under scalar perturbations. The oscillation frequency of these modes is independent of the initial conditions and it only depends on the parameters of the black hole (mass, charge and angular momentum) and the fundamental constants (Newton constant and cosmological constant) that describe a black hole, just like the parameters that define the test field. The study of the QNFs gives information about the stability of black holes under matter fields that evolve perturbatively in their exterior region, without backreacting on the metric. In general, the oscillation frequencies are complex, where the real part represents the oscillation frequency and the imaginary part describes the rate at which this oscillation is damped, with the stability of the black hole being guaranteed if the imaginary part is negative. On the other hand, the QNMs determine how fast a thermal state in the boundary theory will reach thermal equilibrium according to the AdS/CFT correspondence [24] , where the relaxation time of a thermal state of the boundary thermal theory is proportional to the inverse of the imaginary part of the QNFs of the dual gravity background, which was established due to the QNFs of the black hole being related to the poles of the retarded correlation function of the corresponding perturbations of the dual conformal field theory [25] . Fermions on Lifshitz Background have been studied in [26] , by using the fermionic Green's function in 4-dimensional Lifshitz spacetime with z=2, also the authors considered a non-relativistic (mixed) boundary condition for fermions and showed that the spectrum has a flat band. Also, the Dirac quasinormal modes for a 4-dimensional Lifshitz Black Hole was studied in [27] . Generally, the Lifshitz black holes are stable under scalar perturbations, and the QNFs show the absence of a real part [5, [28] [29] [30] [31] [32] . In the context of black hole thermodynamics, the QNMs allow the quantum area spectrum of the black hole horizon to be studied [28] as well as the mass and the entropy spectrum. On the other hand, the scalar greybody factors for asymptotically Lifshitz black hole was been studied in [30, 33] , and the particles motion on these geometries in [34] [35] [36] .
The paper is organized as follows. In Sec. II we give a brief review of the a four-dimensional Lifshitz black hole in conformal gravity. In Sec. III we calculate the QNFs of scalar perturbations for the 4-dimensional Lifshitz black hole with spherical topology and z = 0, for some special cases. Finally, our conclusions are in Sec. IV.
II. FOUR-DIMENSIONAL ASYMPTOTICALLY LIFSHITZ BLACK HOLE IN CONFORMAL GRAVITY
In this work we will consider a matter distribution outside the horizon of a four-dimensional asymptotically Lifshitz black hole in conformal gravity with dynamical exponent z = 0 and spherical topology for the transverse section [37] , which is the solution for an action that corresponds to a black hole in Einstein-Weyl gravity, which is given by
where
R is the Ricci scalar, and Λ is the cosmological constant. When α goes to infinity we have the special case of conformal gravity, and the following metric solve the field equations
For k = ±1, there is an horizon at the largest root of f , given by
and for k = 0, the singularity is naked. The Noether charge is given by λ ′ = −4αλ/3. Note that the requirement r 2 + > 0 implies that −2 ≤ λ < 1. When λ = −2 the solution becomes extremal and for k = 1 the entropy vanishes in this case. The Kretschmann scalar is given by
therefore, there is a curvature singularity at r = 0. In the next section, we will determine the QNFs by considering the Klein-Gordon equation in this background and by establishing the boundary conditions on the scalar field at the horizon and at infinity.
III. QUASINORMAL MODES OF A 4-DIMENSIONAL LIFSHITZ BLACK HOLE
The QNMs of scalar perturbations in the background of a four-dimensional asymptotically Lifshitz black hole in conformal gravity with dynamical exponent z = 0 are given by Klein-Gordon equation of the scalar field solution with suitable boundary conditions. This means that there is only ingoing waves on the horizon and we will consider that the scalar field vanishes at infinity, known as Dirichlet boundary conditions. The Klein-Gordon equation is
where m is the mass of the scalar field ψ, which is minimally coupled to curvature. By means of the following ansatz
where Y (θ, φ) is a normalizable harmonic function on two-sphere which satisfies ∇ 2 Y = κY , being
the eigenvalues for the spheric manifold, the Klein-Gordon equation can be written as
Now, by considering R(r) = K(r)/r and by introducing the tortoise coordinate r * , given by dr * = 2dr rf (r) , the latter equation can be rewritten as one-dimensional Schrodinger equation
where the effective potential is given by
In Fig. 1 we plot the effective potential for κ = −2 and in Fig. 2 for κ = 0 and different values of the parameter λ.
Note that, when r → ∞ the effective potential go to a constant.
A. case κ = 0
In order to find analytical solutions to the radial equation (10), we perform the following change of variables y = r 2 and get the following equation where the prime denotes derivative with respect to y, and y + and y − are the roots of
and are given by
Adittionally, performing another change of variables z = 1 − y+ y and noting that λ = − (y + + y − ) we arrive to the following expression
where we have defined Q = y + /y − and now a prime means derivative with respect to z. In the Fig. (3) , we plot Q as a function of λ and we observe that −∞ < Q < 0 or 1 < Q < ∞. On the other hand, the above equation (16) can be manipulated and putted in the following form We note that for κ = 0 this equation correspond to a Riemann's differential equation, whose general form is [38] 
where a, b, c are the singular points, and the exponents α, α ′ , β, β ′ , γ, γ ′ are subject to the condition
The complete solution is denoted by the symbol
and the Riemann's P function can be reduced to the hypergeometric function through
where now the P function is the Gauss' hypergeometric function. We observe that in the radial equation (17) the regular singular points a, b, c have the values
and the exponents are given by
Therefore, the solution to equation (17) can be written as
where we have defined the constants A, B, C as
In the near horizon limit, the above expression behaves as
Now, we impose as boundary condition that classically nothing can escape from the event horizon. In order to implement this boundary condition, first note that Q can be positive or negative depending on the values of the parameter λ:
So, choosing the exponent α as
implies that we must take C 2 = 0 in order to have only ingoing waves at the horizon. Therefore, our solution simplifies to
Now, we implement boundary conditions at spatial infinity. In order to do that we employ the kummer's relations [38] , and write the solution as
In the limit z → 1, the above solution becomes
Now, we choose the exponents γ and γ ′ as follows
So, imposing that the scalar field be null at spatial infinity, we can determine the quasinormal frequencies. The second term of equation (37) blows up when z → 1 unless we impose the condition A = −n or B = −n, therefore we obtain the following quasinormal frequencies
These QNFs are valid for 1 < Q < ∞, and we see that its imaginary part are negative which guaranties that the Lifshitz black hole is stable under scalar perturbation, at least for the mode with the lowest angular momentum. Besides, for the case −∞ < Q < 0 we do not obtain QNFs. Also, we note that interchanging the values of the exponents in equation (38) the same quasinormal modes are obtained.
B. case Q = ±∞
In this case is possible to obtain an analytical solution for all values of the angular momentum κ. Thus, for λ = −1 or equivalently Q = ±∞ the radial equation (10), can be written as
where we have considered z = 1 − 1/r 2 , and the decomposition R(z) = z
let us to write (40) , as a hypergeometric equation for K
where the coefficients are given by
The general solution of the hypergeometric equation (43) is
and it has three regular singular points at z = 0, z = 1, and z = ∞. 2 F 1 (a, b, c; z) is a hypergeometric function and C 1 and C 2 are constants. Then, the solution for the radial function R(z) is
So, in the vicinity of the horizon, z = 0 and using the property F (a, b, c, 0) = 1, the function R(z) behaves as
and the scalar field ψ, for α = α − , can be written in the following way
in which, the first term represents an ingoing wave and the second one an outgoing wave in the black hole. So, by imposing that only ingoing waves exist at the horizon, this fixes C 2 = 0. Then, the radial solution becomes
To implement boundary conditions at infinity (z = 1), we shall apply the Kummer's formula for the hypergeometric function [38] ,
Where,
With this expression the radial function (51) reads
and at infinity can be written as
So, for β + > 1, the field at infinity vanishes if (a)| β+ = −n or (b)| β+ = −n for n = 0, 1, 2, ..., and for β − < 0, the field at infinity vanishes if (c − a)| β− = −n or (c − b)| β− = −n. Therefore, the quasinormal modes are given by
where √ κ = i |l(l + 1)|. Due to not all the quasinormal normal frequencies have negative imaginary part we conclude that this black hole is not stable under scalar fields perturbations for the case when Q = ±∞.
where Heun C is the confluent Heun function, and we have used the property Heun C (a, b, c, d , e, 0) = 1 [39, 40] . Thus, when z → 1 and in order to have a regular scalar field at spatial infinity, we must set C 2 = 0, therefore the solution reduces to
However, we observe that when z → 1, the scalar field is null R → 0, therefore there are not quasinormal modes in this case.
IV. CONCLUSIONS
In this work we have calculated analytically the QNFs of scalar perturbations for the four-dimensional asymptotically Lifshitz black hole in conformal gravity with a spherical topology and dynamical exponent z = 0, for some special cases that depend of Q, which is related to the conserved Noether charge, and by imposing Dirichlet boundary conditions at spatial infinity. The first case that we have analyzed are massive scalar fields perturbations without angular momentum (κ = 0) in the black hole background. Interestingly, for Q > 1, where Q = r 2 + /r 2 − , there is a spectrum of quasinormal frequencies for which the scalar field becomes null at spatial infinity, and the imaginary part of them are negative, which ensures the stability of the black hole under scalar perturbation. Moreover, for Q < 0, we do not find QNFs. It is worth mention that in this case the Klein-Gordon equation can be written as a Riemann differential equation.
Other case that we have analyzed correspond to Q = ±∞, where we have found that there is a spectrum of quasinormal frequencies that respect the Dirichlet boundary condition, however some of them have positive imaginary part, and therefore the black hole is unstable under scalar field perturbations.
Finally, we have analyzed the extremal case, that is Q = 1, where we have found that there are not quasinormal modes as in [41] , where the authors have showed the absence of the QNMs in the extremal BTZ black hole. However, it was shown that is possible to construct the QNMs of three-dimensional extremal black holes in an algebraic way as the descendents of the highest weight modes [42] , being the hidden conformal symmetry an intrinsic property of the extremal black hole. Also, it is worth to mention that the absence of QNMs for extremal black holes does not always occur, for instancy see [43] , where the authors have showed the presence of QNMs for the extremal BTZ black holes in TMG.
